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We show that ff G is an Eulerian graph of minimum degree 2k, then G has a set S of k - 2 
Euler tours such that each pair of adjacent edges of G is consecutive in at most one tour of S. 
We conjecture that our bound of k - 2 may be improved to 2k - 2. 
1. Definitions 
In the following G will denote a finite Eulerian graph, without loops, but 
possibly containing multiple edges. For v a vertex and H a subgraph of G let 
E(v, H) denote the set of edges of G from v to V(H). Let V4(G) be the set of 
vertices of G of degree at least four and choose v e V4(G). By a transition at v we 
shall mean a pair of edges incident with v. A transition system at v is a partition, 
T(v), of E(v, G) into transitions. If T(v) is defined for every v e V4(G), then 
T = {T(v):v e V4(G)} is a transition system for G. We shall say two transition 
systems for G, T1 = {Tl(v)} and T2 = {T2(v)}, are compatible if T~(v) N Te(v) =~ 
for each v e V4(G). 
Given an Euler tour ~g of G, or a decomposition, % of E(G) into edge-disjoint 
cycles, we may define, in an obvious way, the transition systems T(ff) and T(~) 
corresponding to ~f and % respectively. We shall say that ~f, or ~¢, is compatible 
to T if T is compatible to T(~), or T(~), respectively. Similarly, if for i = 1 and 
2, ~ is either an Euler tour or a cycle decomposition of G, then we shall say that 
~1 is compatible to ~ff2 if T(~I) and T(~2) are compatible. 
2. Compatible Euler tours 
We will consider a problem suggested by Kotzig [6] of deciding when a given 
Eulerian graph contains everal pairwise compatible Euler tours. The first result 
follows from a more general theorem of Kotzig [5]. 
Theorem 1. Let T be a transition system for an Eulerian graph G. Then G has an 
Euler tour which is compatible to T. 
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An alternative proof of Theorem 1 has been given by Fleischner [1]. We shall 
extend Fleischner's proof to give the following generalisation of Theorem 1. 
Theorem 2. Let Tx, T2 , . . . ,  Th be transition systems for an Eulerian graph G. 
Suppose that each vertex of V4(G) has degree at least 2k. If h <<- max{l, k - 2}, 
then G has an Euler tour which is compatible to Ti for all i, 1 <~ i <<- h. 
In proving Theorem 2 we shall use a result of R. H[iggkvist. 
Theorem 3 ([4]). Let H be a simple graph on 2m vertices uch that d(x) + d(y) >I 
2m + 1 for all pairs of non-adjacent vertices x, y of H. Then any 1-factor of H is 
contained in a Hamilton cycle of H. 
We shall also use the concept of vertex splitting. Given a vertex v of even 
degree 2m in a graph G = (V, E) we shall say that the graph H = ((V - {v}) t.J 
{vl, v2 , . . . ,  Vm}, E) is a splitting of G at v if 
(i) E(x, H) = E(x, G), for all x e V - {v}, and 
(ii) {E(vi, H): 1 <~ i <~ m} is a transition system at v in G. 
Intuitively H is obtained from G by 'splitting' v into m vertices of degree two. 
Proof of Theorem 2. We proceed by induction on IV4(G)I. If V4(G)= 0 the 
theorem is trivially true. Hence suppose V4(G)~0 and choose v e V4(G). Let 
E(v, G)= {el, e2 , . . . ,  e2m}, and let /-/1, H2 , . . . ,  ~ be the components of 
G-  v. Since G is Eulerian, [E(v, Hi)[ is even for all i, 1 <<-i<~s. Thus we may 
partition each E(v, Hi) into subsets of size two. Taking the union of these 
partitions we obtain a transition system at v, T(v). 
Let H be the graph with vertex set E(v, G) in which ei and ej are adjacent for 
1 ~< i < j  <~ 2m if and only if either {e, ej} e T(v), or {ei, ej} } T(v) and {ei, ej} 
Tg(v) for all g, 1 ~< g <~ h. Thus each vertex of H has degree at least 2m - 1 - h. 
Our aim is to construct a new graph G* from G by 'splitting' v into m vertices of 
degree two vl, Vz , . . . ,  Vm such that E(vi, G*) g Ti(v) for all i, j, 1 ~< i <~ m and 
1---<j ~< h, and such that G* is connected. Considering the E(vi, G*) as edges of 
H, it can be seen that this is equivalent to finding a 1-factor F of H such that if M 
is any matching properly contained in F and V(M) is the set of vertices of V(H) 
(=E(v, G)) incident with edges of M then V(M) cannot be expressed as a union 
of sets E(v, H~), i ~ S for some S c {1, 2 , . . . ,  s}. Noting that: 
(a) Each E(v, Hi) is a union of elements of T(v), and 
(b) T(v) may be considered as a 1-factor of H, 
it follows that it will be sufficient o find a 1-factor F of H such that F LI T(v) is a 
Hamilton cycle of H. (To see this note that if F is a 1-factor of H disjoint from 
T(v) and M is a proper subset of F such that V(M)= [..Ji~s E(v, Hi), then 
F t.J T(v) is a disconnected 2-factor of H). 
If m = k = 2, then h = 1. Thus H is a graph on four vertices of minimum degree 
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at least 2m - 1 - h = 2. It can easily be seen that any 1-factor of H is contained in 
a Hamilton cycle of H. On the other hand if m 1> 3 then since m >I max(k, 3) ~> 
h + 2, we have that H is a graph on 2m vertices of minimum degree at least 
2m-  h -  1 I> m + 1. By Theorem 3, we again deduce that any 1-factor of H is 
contained in a Hamilton cycle of H. Thus in both cases we may construct he 
required 1-factor F of H by choosing a Hamilton cycle C of H containing T(v) 
and putting F = C - T(v). 
We now use F to construct G* from G by splitting v into {vl, v2 , . . . ,  Vm} 
such that E(vi ,  G*)E E(F) for all 1 ~<i~ < m. By the definition of H, and since 
F N T(v) = ~, it follows that E(vi, G*) ~ T~(v) for all 1 <~ i ~< m and 1 <~j <~ h. 
Moreover, as noted above, G* is connected and hence Eulerian. For each j, 
1 ~< j ~< h, let T 7 be the system of transitions for G* obtained from Tj by deleting 
Ti(v ). Since each vertex of V4(G*) has degree at least 2k it follows by induction 
that G* has an Euler tour ~* which is compatible to T~ for all j, 1 <~j<~h. 
Clearly ~f* induces an Euler tour ~f of G which is compatible to Tj for all 
j, l<~j<~h. 
Corollary 2. I f  G is an Eulerian graph and each vertex of V4(G) has degree at least 
2k, then G has a set of max{2, k - 1} pairwise compatible Euler tours. 
Proof. Using Theorem 2 and the greedy algorithm (start with an Eulet tour E1 of 
G and let T~ = T(E1)). [] 
Examples similar to Fig. 1 illustrate that the bound k - 2 in Theorem 2 is best 
possible at least when k is odd. Putting T1 = ({el, e6}, {e2, e3}, {e4, es}) and 
T2 = ({el, e4}, {e2, es}, {e3, e6}) we have k = 3 and h = 2. Moreover G has no 
Euler tour compatible to both Tx and T2. Noting, however, that G admits a set of 
four pairwise compatible Euler tours we feel that Corollary 2 may be strength- 
ened to 
Conjecture 1. I f  G is an Eulerian Graph and each vertex of V4(G) has degree at 
least 2k, then G has a set of 2k - 2 pairwise compatible Euler tours. 
3 
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Kotzig [6] conjectured a stronger esult for the special case of complete graphs. 
Conjecture 2. The complete graph K2n+l has a set of 2n - 1 pairwise compatible 
Euler tours. 
Remm'k 1. Using Corollary 2 we deduce that conjecture 1 is true when k = 2. 
Working with Fleisclmer and Hilton [3] we have also verified Conjecture 1for the 
special case of Eulerian graphs G for which every cycle of G is a block of G. 
Remark 2. Since in the example of Fig. 1, T~ and T2 are 'induced' by compatible 
Euler tours of G we cannot hope for a 'greedy proof of Conjecture 1. 
Remark 3. We feel that it may be possible to improve the bound on h given in 
Theorem 2 from k - 2 to k - 1 for even values of k. One way to accomplish this 
would be to improve the bound on d(x) + d(y) given in Theorem 3 from 2m + 1 
to 2m for even values of m. 
3. Compatible yrie decompositions 
It remains an open problem to decide when a given transition system for an 
Eulerian graph has a compatible cycle decomposition. The difficulty of this 
problem is perhaps illustrated by the transition system T for/(5 given in [1], see 
also [21. 
A particular instance of the general problem stated above is the following 
pretty conjecture stated by Sabidussi in 1975. 
Sabidnssi's Conjecture. I f  if is an Euler tour of an Eulerian graph G, then G has 
a cycle decomposition compatible with if. 
We note that the following result of Fleischner [1] characterises those transition 
systems for planar Eulerian graphs which allow compatible cycle decompositions 
and hence verifies Sabidussi's conjecture for the special case of planar graphs. 
Theorem ([1]). Let T be a transition system for a planar Eulerian graph G. Then 
G has a cycle decomposition compatible with T if and only if no single transition of 
T is an edge cut of G. 
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